A quantum corrected Poisson-Nernst-Planck (QCPNP) model is proposed for simulating ionic currents through biological ion channels by taking into account both classical and quantum mechanical effects. A generalized Gummel algorithm is also presented for solving the model system. Compared with the experimental results of X-ray crystallography, it is shown that the quantum PNP model is more accurate than the classical model in predicting the average number of ions in the channel pore. Moreover, the electrostatic potential has been found to reach as high as 19% difference between two models around the charged vestibule which has been shown to play a significant role in the permeation of ions through ion-selective ligand-gated or voltage-activated channels. These results indicate that the QCPNP model may be considered as a more refined continuum model that can be incorporated into a multi-scale electrophysiology modeling.
Introduction
Ion channels are porous proteins across cell membranes that control many biological functions ranging from signal transfer in the nervous system to regulation of secretion of hormones. Understanding the mechanism of ionic flows within a channel as a function of ionic concentration, membrane potential, and the structure of the channel is a central problem in molecular biophysics [16] .
The Poisson-Nernst-Planck (PNP) model proposed by Eisenberg and coworkers [2, 6, 11, 13, 18, 26] for simulating the ionic flow in an open ion channel is one of commonly used models in theoretical and computational studies of biological ion channels. Ion channels are nanoscale conduits through which specific ions move. We present here a quantum hydrodynamic model that extends the classical PNP model to include Bohm's quantum potential [3] that corrects the electric field in the drift process of the ionic movement. It is hence called a quantum corrected PNP (QCPNP) model which is then transformed into a self-adjoint and semilinear system of PDEs as that for semiconductor device simulations proposed by Slotboom [31] . It is well-known [1, 4] that the Slotboom formulation may cause overflow problems in computer implementation if the applied voltage is too large. Fortunately, the biasing voltage for biological ion channels is in general below 200 millivolts [14, 16] which is much less than that of semiconductor devices. The self-adjoint formulation provides many appealing features for both mathematical analysis [1, 20, 21] and numerical simulations such as global convergence by monotone iterative methods [7] , optimal convergence in the sense of Gummel's iteration [9] , highly parallelizable and fast iterative solution [22] , and a single finite-element subspace approximation to all PDEs of the model [7, 8] .
As an example to study the quantum effect on ionic currents in a physiologically important channel, we consider the K channel in KCl solutions using the TRBDF2 method as illustrated in [14] . Compared with the experimental results of X-ray crystallography, it is shown that the quantum PNP model is more accurate than the classical model in predicting the average number of ions in the channel pore. Moreover, the electrostatic potential has been found to reach as high as 19% difference between two models around the charged vestibule which has been shown to play a significant role in the permeation of ions through ion-selective ligand-gated or voltage-activated channels [5, 19] . These results indicate that the QCPNP model may be considered as a more refined continuum model that can be incorporated into a multi-scale electrophysiology modeling [12, 30] .
A Quantum Corrected Poisson-Nernst-Planck Model
The quantum potential formulation [3] of the de Broglie-Bohm theory is quite useful to describe particles in motion with precisely definable trajectories and to infer Newtonian mechanics from Bohmian mechanics in the classical limit [17] . The quantum potential is a first order correction to the classical potential and is expressed in terms of the Laplacian of the square root of the probability density of particles. Adding this potential to the drift process of ions within a biological channel, the steady-state Poisson-Nernst-Planck model is extended to
where C i is the concentration of an ion species i carrying charge q i (for example, q K + = +1e, q Cl − = −1e), j i the concentration flux, D i the spatially dependent diffusion coefficient,
, k B the Boltzmann constant, T the absolute temperature, ϕ the electrostatic potential, ϵ the dielectric coefficient, qp the background fixed charge on the channel protein (for example, qp = −4e [14] ), Cp the (known) concentration of charged atoms in the protein, and e the proton charge. The quantum potential of an ion species i is defined by
3) 
Note that (2.1), (2.2), and (2.5) are all second order PDEs with respect to the unknown functions C i , ϕ, and √︀ C i . However, this system of equations is not closed since we still have one more unknown function ψ
to be determined. Following [7] , we resolve this issue by introducing a new variablê︀ C i via the following transformation
The concentration flux is then reformulated to
and the quantum potential is transformed to
Consequently, the QCPNP (2.1), (2.2), and (2.5) can be written as
Note that all these three elliptic PDEs are self-adjoint with respect to the three unknown functions ϕ, √︀ C i , and̂︀ C i and that the first two are semilinear. Here all functions are defined in
where Ω is the domain of the functions. The new variablê︀ C i is an extension of the classical Slotboom variable [31] to include the quantum potential ψ ± i and thus called a quantum Slotboom variable.
A Generalized Gummel Algorithm and Numerical Methods
The classical Gummel iteration developed in [15] is to decouple the drift-diffusion equations and solve them in a successive and iterative manner. With the additional equation (2.10) for the QCPNP model, we generalize Gummel's algorithm as follows.
Step 1. Choose initial guesseŝ︀ C
i and ψ
Step 3. Solve for
Step 4. Solve for̂︀ C (1) i the linear PDE
Step 5. Update
and go to Step 2 if necessary. Note that the boundary conditions (of Dirichlet type) associated with (3.1), (3.2), and (3.3) are not specified in the algorithm and will be given in the next section. Due to the exponential function, Eq. (3.3) is usually discretized by combining the Scharfetter-Gummel method [29] and the finite element method [7] .
The present algorithm does not include the inner iteration loop introduced in [10] , which combines Steps 2 and 3 to form a single step of a coupled system of the nonlinear problems (3.1) and (3.2) and thus requires an inner iteration to decouple the system for numerical implementation, since we do not compute exclusively the intermediate quantum Slotboom variables via quasi-Fermi potentials. There is no quasi-Fermi potential for ion channel models. The quantum Slotboom variableŝ︀ C i defined in (2.6) are in fact the primary variables in our algorithm just like the classical Slotboom variables used in the original Gummel algorithm for the selfadjoint drift-diffusion model [31] .
The convergence analysis of the semilinear PDEs (3.1) and (3.2) in discrete form can be extended from that of the QC energy transport model of semiconductor devices presented in [9] , where the linear system of algebraic equations is shown to be an M-matrix, the convergence rate of a monotone iterative method for the nonlinear algebraic systems is shown to be optimal in the sense of Gummel's decoupling iteration, and the method is globally convergent if the initial guess is taken to be a lower or an upper solution of the nonlinear algebraic system. However, the functional analysis on the questions of existence, multiple solutions, and uniqueness of these semilinear PDEs with practical biasing voltages remains open.
Numerical Results of the K Channel
For numerical verification, we consider the K channel of [14] as shown in Fig. 1 , where the length and radius of the channel are lc = 3.5 and rc = 0.5 nm, respectively, and l b = 5 and r b = 5.5 nm are the length and radius of the interior and exterior baths, respectively. Since the domain is in a dumbbell shape, the 3D QCPNP model can be reduced to a 1D model as
with the boundary conditions 6) where the relations between 3D and 1D functions are ϕ(r) = ϕ(z), ψ 3. We first note that numerical results obtained by the PNP model are almost identical to that of [14] where the time-dependent PNP model is used. From Table 2 , we see that the average number of ions predicted by the QCPNP model is more consistent with the charge structure of the protein known from the experimental X-ray crystallography [14] than that predicted by the PNP model under the same simulation parameters and conditions although the difference is small. It therefore justifies that the QCPNP model is a more refined and accurate model. The ion flow is from the interior (left) to the exterior (right) of the cell membrane. PNP predicts I + = 24.24 pA (pico Amperes) for the K + current in the channel and I − = 0.39 pA for the Cl − current whereas QCPNP yields I + = 22.68 pA and I − = 0.31 pA. The total current is reduced about 6.6% by the QCPNP model.
Furthermore, significant differences in electrostatic potential calculated by PNP and QCPNP models are shown in Fig. 4 , especially around the local extreme points of the potential profile. The difference between two cases relative to the potential obtained by QCPNP is 8.3% at the first (left) valley in Fig. 4 , while it is 19% at the peak. These extreme points are a direct consequence of the -4e group in Table 1 (around z = 0 in Fig. 1 ) that we use to model the charged vestibule in the channel mouth, which attracts K + ions and hence increases the local vestibule concentration and causes the large variation of the potential within this very narrow region (0.2 nm in our model). It is well known that charged vestibules have been shown to play a significant role in the permeation of ions through biological ion channel [5, 19] . These expressive differences are of course due to the quantum potentials (2.3) and (2.4) that we have added to the standard PNP model. The QCPNP model may thus offer a different perspective from the PNP theory on modeling ion-selective ligand-gated or voltageactivated channels for which the role of charged vestibules is prominent. These results also indicate that the QCPNP model may be considered as a more refined continuum model that can be incorporated into a multiscale electrophysiology modeling from the molecular motions of ion channels to the whole cell physiology [12, 30] . Gummel's iterative method has been shown analytically and numerically to yield convergent results from a lower or upper solution of the QC energy transport model in [9] . Table 3 shows that the method con- verges quite effectively as well for the present QCPNP model, where Error = ⃦ ⃦ ⃦ϕ
⃒ ⃒ ⃒ being the maximum absolute value of the approximate potential function ϕ (k) (z) over all grid points z i in the domain at k th iterate, for k = 1, 2,· · · , with a suitable initial guess of ϕ(z) [9] .
We make a final remark on the extension of the QCPNP to more realistic channel proteins in 3D and dynamical implementations. Taking account of the steric effect of ions and water with nonuniform sizes, the correlation effect of crowded ions with different valences, and the polarization effect of water molecules, an advanced theory -called Poisson-Nernst-Planck-Fermi theory -has been developed by Liu and Eisenberg in a series of recent papers [23] [24] [25] [26] [27] [28] , where a variety of applications to ion channels, electric double layers, and ion activity in water have been investigated by this theory. As shown in [23, 27] , the 3D implementation of continuum models like PNP, PNPF, or QCPNP for real protein channels is very challenging due to a wide range of numerical issues such as the geometric singularities of molecular surface, the singular charges in real proteins, the complex and large simulation domain containing protein channels, the strong nonlinear nature of the biological system, and a very large range of applied voltages and bath concentrations in experimental or physiological conditions. The additional QC equations (2.10) would certainly make the 3D implementation more complicated and time consuming. Nevertheless, all PNP, PNPF, and QCPNP models are of elliptic type of PDEs in steady state. Standard numerical methods such as the finite difference method, fast linear and nonlinear solvers, and effective time discretization methods can all be utilized to explore a great variety of physical and chemical properties described by these advanced continuum models that offer much more comprehensive and efficient simulations of biological systems than molecular dynamics, Brownian dynamics, or Monte Carlo simulations.
Conclusion
A quantum corrected Poisson-Nernst-Planck model is proposed for biological ion channels. It is shown to be more refined and accurate than the classical one and may be useful to study ion-selective ligand-gated or voltage-activated channels for which the role of highly charged vestibules is prominent. The present results illustrate notable differences between quantum and electrostatic potentials. It will be interesting to include the quantum effect in the Poisson-Nernst-Planck-Fermi theory recently developed for modeling realistic channel proteins in which the steric and correlation effects of ions and water have been shown to play important roles in properly describing various experimental results.
